The entanglement of a pure bipartite state is uniquely measured by the von-Neumann entropy of its reduced density matrices. Though it cannot specify all the non-local characteristics of pure entangled states. It was proven that for every possible value of entanglement of a bipartite system, there exists an infinite number of equally entangled pure states, not comparable (satisfies Nielsen's criteria) to each other. In this work, we investigate other correlation measures of pure bipartite states that are able to differentiate the quantum correlations of the states with entropy of entanglement. In Schmidt rank 3, we consider the whole set of states having same entanglement and compare how minutely such states can be distinguished by other correlation measures. Then for different values of entanglement we compare the sets of states belonging to the same entanglement and also investigate the graphs of different correlation measures. We extend our search to Schmidt rank 4 and 5 also.
Introduction
Non-local features of quantum mechanics distinguishes it from classical systems [1, 2] and entanglement plays as a non-local resource to perform various computational tasks [3] . For this type of correlation between different subsystems of a composite system, we require a well defined process to quantify the amount of entanglement of a state. In asymptotic sense, both the quantities needed to prepare a pure bipartite state and distill pure entanglement from it [4, 5] , are equal with the von-Neumann entropy of the reduced density matrices of the pure bipartite state and is usually called as the entanglement of the state. Under stochastic local operations along with classical communications (in short, LOCC) this reversibility character and corresponding uniqueness of the measure of entanglement of pure bipartite systems are established [6] . It is found that the measures, not equivalent in asymptotic sense, with von-Neumann entropy of reduced density matrices for a pure system, are unable to impose consistent ordering on the set of all quantum systems [7, 8] . However the nature of evolution of composite systems in case of pure bipartite states under deterministic LOCC [9] , are not very much clear to us. From the quantification procedures one may conclude that entanglement is monotonic under LOCC [5, 10, 11] . Though it does not help us to identify a unique measure of entanglement of pure bipartite systems. In case of mixed bipartite systems the situation is more complex; e.g. the non-monotonicity of relative entropy of entanglement with negativity and concurrence [12] . We proceed here to find the existence of such ordering on different correlation measures for lower rank pure bipartite states. For this reason we critically observed the behaviour of pure bipartite systems under deterministic LOCC. The possibility of transforming one pure bipartite state to another is determined by the majorization relation between the Schmidt coefficients of the states specified by Nielsen's criteria [13] . It immediately suggests us that it could not be always possible to transform a pure bipartite state to every other pure bipartite state having a lower amount of entanglement under deterministic LOCC. There are different measures of entanglement, that are not equivalent with the von-Neumann entropy of reduced density matrices for pure bipartite states, depend directly on coefficients of Schmidt decomposition of the state. Those measures could generate some ordering on the systems regarding possibility of its evolution under LOCC [14] . It is established that considering only single copy of the state, there are infinitely many measures generating different ordering on the Schmidt form of the state [15] . This work is directed to characterize and compare the different correlation measures of entanglement under preservation of entanglement. We begin with the study from 3 × 3 pure bipartite system, then 2 concentrating on 4 × 4 system ended with an example of 5 × 5 system. For higher and higher Schmidt rank, the behavior of lower rank systems indicate chaotic behavior.
The brief outline of our work is as follows: in Section 2 we first recall the notion of entanglement of pure bipartite states shared between two distant parties. Then we discuss (Section 3) about the transformation of a pure bipartite system under deterministic LOCC governed by the majorization rule [16] . This is a nice ordering between Schmidt vectors of the associated states. This provides us the existence of pair of states, for which a higher entangled state could not be always transformed to a lower entangled one with certainty. In other words, their entanglement are not comparable (precisely, comparability means those states which would satisfy Nielsen's criteria). This concept of incomparability (i.e. violets Nielsen's criteria, or in other words, the states are not convertible under deterministic LOCC) indicate a non-local feature not incorporated in the unique quantification scheme of entanglement for pure bipartite systems. Conservation of entanglement under deterministic LOCC necessarily produced a class of states of same Schmidt rank, all mutually incomparable to each other (if not locally unitarily connected). We mention here this class of states as equi-entangled. This work is mainly intended to study different measures of correlations in equi-entangled class. In Section 4, we recall the notions of such correlations measures [17] of pure states and some of their properties; e.g. Concurrence, Logarithmic Negativity, Linear Entropy, Rényi Entropy, Concurrence Hierarchy, Maximum Fidelity, Robustness and some Distance measures that depend only on the largest Schmidt coefficient of the state. In Section 5, we present all the graphs of the measures against the largest Schmidt coefficient and numerical tables for the correlation measures. We concentrate on studying pure bipartite system where the features of incomparability will be reflected neglecting the effect of entanglement via preservation of entanglement under LOCC. In our whole work as we are mainly concerned about pure bipartite states, we will use occasionally the terms entanglement and entanglement of formation, as they have the same value and later is more operationally meaningful. In the appendix, we discuss about some other effects of incomparability. We prepare equal mixture of states from one equi-entangled class with maximally mixed states of same rank. The resulting mixed states sometimes preserve positivity under partial transpose operation, i.e. the states are PPT [18, 19] . Whereas in equal mixture with some other states from the same class will generate NPT (negative under partial transposition) states. Also, we show that the optimal teleportation fidelity, differ for different states of an equientangled class.
Pure State Entanglement
The amount of entanglement of any pure bipartite state is uniquely described by the von-Neumann entropy of the reduced density matrices of the state and usually it is known as entropy of entanglement or simply entanglement of a pure bipartite state. It is established [20] that any measure of entanglement for a bipartite state (pure or mixed) is bounded by the limits defined by the two asymptotic measures, entanglement of formation and distillable entanglement. For pure states both the measures coincide with the quantity entropy of entanglement. It is thus intuitive to conclude that the non-local correlation of any pure bipartite state is uniquely characterized by the entropy of entanglement. However, recent observations in bipartite pure states compel us to rethink about the structure of state space with respect to the other measures of correlations [21] .
To understand the nature of pure state entanglement we concentrate here on preservation of entanglement under LOCC. It has been found that for every possible amount of entanglement of non-maximally-entangled bipartite state of Schmidt rank d, there exists infinite number of equi-entangled pure bipartite states of same Schmidt rank [21] . This is quite understandable from the functional form of von-Neumann entropy, but what is much more physically significant that all such states are incomparable with each other. This is the key feature of investigating further the pure state entanglement and its evolution under local physical operations. We first recall the concept of comparability and incomparability of pure bipartite states. The notion of incomparability is a direct consequence of non-interconvertibility of pure bipartite states under deterministic LOCC. Given a pure bipartite state  shared between two distant parties, suppose we want to convert it into another pure bipartite state  under deterministic LOCC. The Schmidt vectors corresponding to the states ,
Deterministic LOCC and Incomparability
must hold. It is due to the fact that all incomparable pair of states in are strongly incomparable. The incomparability of pair of pure bipartite states could be used as a detector of many unphysical operations [22] . This aspect motivates us to investigate the effect of incomparability on different measures of correlations. In [23] it has been established that there is pair of incomparable pure bipartite states for which entanglement of formation is not in general monotone with concurrence. Now, keeping in mind the criteria of deterministic local transformation of pure bipartite systems, one may ask about the effect on amount entanglement of the states involved. The consequence of Nielsen's result is that if 3 3  of LOCC for this purpose. However, the mathematical form of von-Neumann entropy could not suggest us in either way. Interestingly it has been found that such states must be incomparable with each other [21] . Any pair of states, with different Schmidt vectors, from a class of equally entangled states cannot be deterministically converted to one another by LOCC. In other words, pure bipartite states with equal amount of entanglement, either they are locally unitarily connected or incomparable to each other. In the next section, we recall the notions of some correlation measures.
Correlation Measures
Firstly, we consider some well-known correlation measures, like, concurrence, linear entropy, logarithmic negativity, etc. Concurrence is one of the most important measure to quantify entanglement, functionally related to entanglement of formation [24] in systems (this is due to the wonderful invention of Wootters ). For any pure bipartite state
A  is the reduced density matrix of  , after tracing out the subsystem . For mixed bipartite states, it is just the convex roof extension. The entanglement of formation for any state of the two-qubit system could be expressed as [25] ,
where the function  is defined as
. For higher dimensional pure bipartite state (say, ), concurrence is given by [26] 
which varies smoothly from for product states to 0   . E e q u a l s t o t h e von-Neumann entropy of the reduced density matrices of the subsystems and usually known as the entropy of entanglement. Again, if someone search for what kind of deterministic LOCC, the amount of entanglement of the states could be preserved. All the local unitary operations preserve entanglement, so one must search for other kind Logarithmic Negativity is a computable measure of entanglement. It has functional relation with another important quantification scheme, known as negativity. Negativity is defined from the Peres-Horodecki criteria [18, 19] by, = 2log
An interesting observation is that Negativity is a convex function [28] of the state, though Logarithmic Negativity is not.
A series of correlation measures known as Rényi Entropy [29] or Alpha-Entropy ( S  ), are proposed by generalizing the concept of von-Neumann entropy; = log
Giampaolo et al. [30] showed that for all non-maximally entangled states of 
Now, we will provide notions of some other measure of correlations. Concurrence Hierarchy [31] is a series of correlation measures generalized from the concept of concurrence, in finite dimensional bipartite pure states. For a general bipartite pure state of rank d in the Schmidt form (1), the precise definition of the concurrence hierarchy is given by:
For 3 3  system, there is only one concurrence hierarchy for , i.e.
The Maximum fidelity for a pure state of the form (1), is given by,
The maximum fidelity is a convex function of the generalized entropy,  .
The correlation measure robustness of entanglement [32] , denoted by   R  examines how much mixing can take place between an entangled state and any other state, so that the convex combination of these two states is separable. In the characterization of the state space in terms of entangled and separable states, we observe some interesting properties of this measure. Robustness   R  , is convex function of  , i.e. for any two states 1  and 2  we have the following inequality 
Next we consider some of the distance measures of quantum correlationm [33] , proposed from the view of measuring the distance of the state from its closest separable state [10] . For any two pure states  and  , the Fubini-Study distance is defined as,
It is bounded by,
Fubini-Study distance is related to information theoretic measures of statistical distance between two probability distributions. From the concept of this distance between two states, a measure of correlation of a pure bipartite state is proposed as the minimum of Fubini-Study distance of the given state with all separable states and is obtained by the formula, 
Correlation Measures and Incomparability
We now consider sets of pure bipartite states incomparable to each other, with same amount of entanglement and study their behavior with other correlation measures. Under deterministic LOCC, we cannot conclude a single measure of entanglement for pure bipartite states is sufficient to probe the correlated structure of the system. We show that the existence of different pure states with the same value of entanglement, is not only a mathematical property of the entropy operator. We start with the 3 3  system, where the notion of genuine pair of incomparable states begin. As shown in a previous work [20] , the structure of classes of incomparable states with same entanglement in higher Schmidt ranks (greater than three) follows the same pattern as of Schmidt rank 3 states. In higher Schmidt ranks, states with same entropy of entanglement, should differ in at least three Schmidt coefficients. Therefore, although we have restricted our study on lower Schmidt rank states only, however, the results could be extended for higher ranks also.
Geometry of Equally Entangled States of Different System
For every value of entanglement for a non-maximally entangled state in Schmidt rank 3, one may easily generate a curve representing the states having that fixed value of the entanglement of formation. In Figure 1 , we consider the class of states of rank 3 having entanglement of formation 1.521985 e-bit and to represent the curve we plot the three Schmidt coefficients along the X, Y, Z axes respectively. Similarly, for every value of non-maximal entanglement in Schmidt rank 4 system, there is a surface in three-dimensional space generated by the states of that system. In Figure 2 , we consider the surface generated by the states having entanglement of formation 1.846439 e-bit, by plotting the first three Schmidt coefficients of those states along the three rectangular coordinate axes. The figure has some regular geometrical pattern. From a distant view it appears to be a continuous curve formed by semi-circular rings. In Schmidt rank 5 system, there is a volume enclosing the states having equal amount of entanglement. In Figure 3 , we plot the three largest Schmidt coefficients of all pure bipartite states of Schmidt rank 5 with a definite value of entanglement. Below the graph of states with entanglement e-bit. 2.04126 In Schmidt rank 5, amongst the 5 Schmidt coefficients, with the normalization constraint and the constraint of conservation of entanglement, there are three completely random parameters, which may be, without any loss of generality can be taken as the three largest Schmidt coefficients. The graph generated is apparently a dense volume, though with a closer view one found some specific features. In all the three cases above, we consider entanglement with values some figures after decimal point are due to the fact that with some small variations, we want to observe the changes in the behavior of different correlation measures. It is also evident from the later tables and graphs. Sen's criteria) with same value of entanglement are re sponsible for such behavior.
Chart of Values of Correlation Measures for States with Given Entanglement
In Figure 4 , we observe that as the value of the entanglement decreases the curve going to be flat for Schmidt rank 3. Also corresponding to a very small change in entanglement we always obtain two completely disjoint curves. Though the curves of different entangled classes contained in a specific plane. The position and curvature of the curves will slowly and continuously changes with the change of amount of entanglement. The effect may visualize by observing the curves distinctly and then plotting them in the same graph. In Figure 5 , we plot the fact for Schmidt rank 4 states. Tables 1 and 2 we have considered values of different correlation measures for fixed entanglement. It is quiet interesting to observe that the changes in Schmidt coefficients of different states (all are incomparable with each other). Further, if we observe the changes in different correlation measures with the small changes in the values of Schmidt coefficients, we then find the effect in the values are quiet peculiar in the sense that we could not find a definite pattern for values of such correlation measures. The pattern shows if some measure has monotonic increasing behavior then other measure may be monotonic decreasing. However, this feature is not observable from their mathematical form. Existence of large number of incomparable states (i.e. violets NielNext we will investigate the correlation measures in different entangled classes in Schmidt rank 3 and 4 (Figures 6  and 7) . We will observe that the pattern of the curves are not always similar. 
In both

Observations
The behavior of different correlation measures observed by plotting curves and by providing numerical figures. The nature of the curves show non-monotonic behavior of the measures in general with respect to the entanglement, e.g. concurrence [23] . This is observed due to only incomparability of a large number of states with same entanglement. For comparable states it would not be possible to observe such behavior. This feature of state spaces has some other consequences, e.g. the behavior under partial transposition of mixtures of incomparable states from equi-entangled class with the maximally mixed state. We discuss this feature as distinguishing factor of the states belonging to any equi-entangled class in appendix.
In conclusion, the work is intended to find the differences by some known correlation measures of pure states through incomparability. As the Schmidt rank increases gradually only the measures depending on Schmidt coefficients would be able to differentiate the states of equal entanglement but incomparable with each other. For Schmidt rank 4 system, the behavior of the measures like, Concurrence, Linear Entropy and Rényi Entropy are similar in nature irrespective of some phase differences. Whereas the behavior of the measures like, Logarithmic Negativity, Concurrence Hierarchy, Maximum Fidelity and Robustness are quite opposite to that of the previous measures. Distance measures depending only on the largest Schmidt coefficient generate a straight line only indicating the variation of the largest Schmidt coefficient for preservation of entanglement under LOCC. The measure showing the largest variation for a fixed value of entanglement, for all most all values of entanglement in rank 4 system, is Concurrence Hierarchy and the next largest variation of values for constant entanglement is seen in the Rényi entropy for = 3  . With the increase of entanglement, curvature of the surface as well as the area traced out by the states of an equi-entangled class will gradually shrinking down and tends to a line parallel to the X-axis, from a curved surface.
